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Efficient Parallel Communication Schemes
for Computational Fluid Dynamics Codes
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Indiana University—Purdue University at Indianapolis, Indianapolis, Indiana 46202

A scheme for improving the efficiency of communications for the parallel computation of Euler equations
is presented. The NPARC (National PARC) code is employed as an example for analyzing the flow through a
supersonic inlet. The flowfield is divided into subregions called blocks. The parallel computation of the problem
normally requires communication between each block after each time step of an explicit Runge-Kutta integration
scheme. In the developed procedure, the boundary conditions are frozen for k = 10-20 time steps, and blocks are
integrated in time without communication with each other during this period. When the boundary conditions are
updated, an oscillatory error is introduced into the solution with a fundamental period of 4k time steps, which is
then filtered in time. As a result, the communication cost of parallel computing is significantly reduced. Examples
for steady and unsteady flows are presented to demonstrate the applicability of the developed procedure.

Introduction

URING the parallelization of explicit schemes, the efficiency
of the communication plays a critical role. Especially for a
structured grid, one can develop explicit schemes where compu-
tational cost is small in comparison with the communication cost.
In the present paper the NPARC (National PARC) code with an
explicit Runge-Kutta scheme is chosen as the parallel numerical al-
gorithm to be studied.! This code was obtained from NASA Lewis
Research Center. Parallelization of this code has already been dis-
cussed in a previous paper? It is based on a block-based structure
of the data where the solution domain is divided into many sub-
domains or blocks. The global solution is obtained by integrating
the equations for each block separately. The blocks are intercon-
nected through an overlappingregion or interface by one grid point.
The solution scheme marches in time while exchanging bound-
ary values of each block at each time step. Figure 1 summarizes
the arrangement for the case of two neighboring blocks? The nu-
merical integration of the grid points are conducted inside a block
solver. At intervals, the block solver updates an interface solver,
which then communicates with the interface solver of the neigh-
boring block. Each interface solver also updates its block after re-
ceiving information from its neighbor. As can be seen from Fig. 1,
each block and its interface solvers are on the same processor. The
time intervals for sending and receiving information between the
blocks and interfaces can be different and can be chosen based
on the local conditions? The distribution of the blocks among a
given number of processors can be optimized by distributing the
blocks according to their computation and communicationrequire-
ments.>3
In Ref. 2, based on the local stability conditions, the time in-
tervals for communicating between the blocks and interfaces, as
defined in Fig. 1, were selected. The resulting system was then load
balanced, and considerableefficiency improvements were obtained,
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specifically by reducing the communication cost. In the present pa-
per, a brief summary of this procedureand the parallelizationtoolsis
provided. A further attempt to reduce the communicationcostis pre-
sented here because the stability requirements for explicit schemes
can be quite stringent. Specifically, the communicationtime interval
is further increased, exceeding the limit suggested by the local sta-
bility conditions at the interface. By not updating the boundary of a
block at required time intervals, the solutionbecomes discontinuous
between the blocks. An error introduced at each boundary produces
high-frequency spatial oscillations inside each block. Based on the
study of this error, a filtering scheme, which corrects the boundary
conditions and eliminates the high-frequency noise, is developed.
By employing this scheme, one can reduce the communication cost
by 90% yet maintain the same accuracy. The numerical results pre-
sented in this paper demonstrate applications for both steady and
unsteady flows.

Explicit Runge-Kutta Algorithm and Stability

The governing Euler equations for inviscid flow are cast in the
following conservation form:

20, OF,
o 0X,

=0 (1)

where Q = (p, pu, pv, pw, pE)T and F; are the inviscid flux vec-
tors. These equations are transformed into computational coordi-
nates and are solved in strong conservation form by the NPARC
code. Additional source terms appear on the right-hand side (RHS)
of Eq. (1) for axisymmetric flows. The NPARC code can solve the
Euler equations with either an implicit Beam-Warming algorithm
or an explicit, multistage Runge-Kutta scheme. In the present paper,
a three-stage variant of the Runge-Kutta scheme is considered. The
Euler equations are cast in semidiscretized form as follows:

d
—Q=A,.F,=RHS

” (@)

where A is the space discretizationoperator operating on the vector
of conservation variables Q. Central differencing is used for the
discretization of the spatial domain. The three-stage Runge-Kutta
scheme used can be written as follows:
0(1) = 0" + 0.6At RHS(0), 0(2) = 0" +0.6AtRHS(1)
(3

Q"' = Q"+ AtRHS(2)

where At is the time step used for the temporal integration. A lin-
earized stability analysis for the one-dimensional Euler equations
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in conservation form discretized as defined in Eq. (3) yields the
following Courant-Friedrichs-Lewy stability criterion:

(u+a)At
= —

<1 4
Ax =18 @

where ¢ is the Courant number in Eq. (4). The amplification fac-
tor G(z) can be defined in terms of the characteristic polynomial
obtained from the linearized stability analysis*:
IGl =1Q""1/Q"], G =1-2z+062" - 036>
(5)

z = 1Icsinf

where 6 is the phase angle obtained from a Fourier decomposition
in the frequency domain. The region near 6 = 0 corresponds to the
low-frequencyregion, whereastheregionnear = m correspondsto
the high frequencies. The highest frequency resolvable by the mesh
correspondsto a wavelength of 2Ax. Figure 2 contains a plot of the
amplification factor G. It can be seen that the amplification factor
G is approximatelyequal to unity for both high- and low-frequency
ranges. This implies that the low- and high-frequencyspatial waves
are not damped by the three-stage Runge-Kutta scheme. Artificial
viscosity is normally introduced to damp the high-frequency oscil-
lations. Another thing to be noticed from Fig. 2 is that for high fre-
quenciesthereis a phase errorof 7. This implies thathigh-frequency
components of a solution will move in a direction opposite to that
of the low-frequency components.

Test Cases

Two test cases are chosen to investigate the effect of the reduced
communications. These cases were also employed in the previous
study of the NPARC code.”

1) Steady flow: An axisymmetric, mixed-compression, variable-
diameter centerbody inlet is considered under a supersonic inflow
of M = 2.5 and a subsonic compressor face outflow Mach num-
ber M =0.3 (Ref. 5). The two-dimensional version of the NPARC
code has an option to handle axisymmetric flow also. The reference
inlet pressure is 117.8 1b/ft?, and the reference inlet temperature is
395°R. The cowl-tip radius of the inlet, Rc =18.61 in., is used to
nondimensionalize the lengths. The grid for this inlet consists of
approximately 4500 nodes and is divided into 15 blocks, all of ap-
proximately equal size, as shown in Fig. 3. A steady-state solution
is soughtusing local time stepping for all nodes in each block with a
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Fig. 4 Density variation at interface for £k = 10 and 20.

uniform Courantnumber of 0.9 for all nodes. The solutionis plotted
in the form of density at the midpoint of each interface for all blocks
at every iteration. This test case is chosen as an example of a small
problem where communication costis large in comparison with the
computation cost.

2) Unsteady flow: The same grid illustrated in Fig. 3 is used to
study the response to a sinusoidal temperature perturbation applied
at the inlet section. The amplitude of the perturbationis 5%, and the
frequency is 100 Hz. The density variation is plotted at one of the
subsonic interfaces downstream of the normal shock. The steady-
state solutionis obtained first, and then the temperature perturbation
is applied. The reference pressure and temperature are 117.8 1b/ft?
and 395°R, respectively. Variable time stepping is used inside each
block.2

Reduced Communications for Explicit Schemes

By using variable time stepping, considerable improvements in
efficiency were obtained ? To furtherreduce the communicationcost
dictated by the stability conditions, one can further increase the in-
terval for updating the interfaces. An experiment was conducted as
follows. After grid points on each block and interface have chosen
their own time step, based on local stability conditions, the bound-
ary conditions were frozen for 10 time steps. This led to both spatial
and temporal oscillations. The magnitude of these oscillations was
negligible for supersonic interfaces but significant for subsonic in-
terfaces. In Fig. 4, the variation of density with respect to time is
plotted at the subsonicinterface between blocks 8 and 9 in Fig. 3 for
the steady-flow test case. The solutionis stable inside each block be-
cause the time step chosen for integration satisfies the local stability
condition for the grid points inside the block. However, the solution
is polluted by a high-frequency noise emanating from the discon-
tinuity introduced on the boundary. A frequency decomposition of
the signal in Fig. 5 shows that the high-frequency oscillations are
associated with distinct frequencies. They corresponded to a time
period of

T = 4kAt ()

and its multiples, where & is the communication interval. The fre-
quency in Fig. 5 is nondimensionalizedas follows:

" = w(kAt /1) (7

The same behavior was observed when k was increased to 20, as
showninFigs.4 and5, althoughthere are many more peaksobserved
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Fig.5 Frequency response of density variation for k = 10 and 20.

6.8
6.6 |
6.4

6.2

587 1

Nondimensional Density

5.6

5.4 : : :
0 5 10 15 20 25 30

Grid Point Index

Fig. 6 Instantaneous density variation inside a block for k£ = 20.

Block I

X(n)

X’ (n+k)

3 ¢ P4 Block I

Fig.7 Model of feedback system.

in the frequency spectrum. This is because the frequencies excited
by the communication errors are much lower than in the preceding
case and interact with the correct solution. This point will be further
discussed later. Figure 6 shows the spatial oscillations developing
inside a block due to the error introduced by freezing the boundary
conditions for £ = 20. A frequency decomposition of the signal in
Fig. 6 indicates a significant oscillation with a wavelength of 2Ax
near the boundary.

In the following, the source of the preceding errors introduced
by reducing the communications is discussed, and a filtering tech-
nique is utilized to eliminate the oscillations while maintaining the
accurate solution.

Error Analysis

Aninvestigationwas carried out to explore the origin of the afore-
mentioned oscillations. The following simple model was defined to
study the problem. For the case of two blocks shown in Fig. 7,
the flow is assumed to be one dimensional from left to right and

subsonic. The interfaces belonging to blocks I and II overlap by
only one grid point. Because the flow is subsonic, two waves propa-
gate informationdownstream with speeds # and u + a, whereas one
wave propagates information upstream with a speed of u — a. The
term u is the fluid velocity, and a is the acoustic speed for the fluid.

Duringthe parallel computation, point 1 servesas the downstream
boundary condition for block I, and point 3 serves as the upstream
boundary condition for block II. Points 2 and 4 are computed as
interior points of blocks I and II, respectively. During the time in-
tegration, the solution values computed at point 2 overwrite the
previous values at point 3 every time communication between the
interfaces takes place. Simultaneously, the values computed at point
4 overwrite the previous boundary condition at point 1.

If the communication is halted for a specified interval, then the
time integration in blocks I and II proceeds, with the boundary
condition remaining frozen at the values received during the past
communication step. Hence an error is introduced into the time
integration procedure in both blocks. If the semidiscretized Euler
equations can be expressed as

g
E—A'Q (®)

for a linearized operator A-, the error obeys the same difference
equation as the solution. Hence, if we call the error X, the following
relation is valid:

dx
—=4-X )

One can trace the propagation of the error through this model.
Assume that X (n) is an error in the boundary condition, first intro-
ducedat a time step n, at point 1. If the boundary conditions are held
fixed for k time steps, this error will propagate upstream in block I
to point 2. Because the error also obeys the same discretized equa-
tion as the solution for a linear operator, the error will be modified
by the time it propagates to point 2 to become X,(n + k) after k
time steps. When communication occurs at this instant, X3 (n + k)
is replaced by X, (n + k). Over the next k steps, the error at point
3 propagates to point 4 and also gets modified by the integration
process to become X, (n + 2k). Thus, when communication now
occursatn + 2k, X (n+ 2k) becomes equal to X, (n + 2k), and this
process repeats itself. This can be summarized with the following
set of expressions:

Xon+k) = fi-Xi(n), X3(n+k) = Xy(n+k)

X4(n +2k) = fo- X5(n + k) (10)

X (n +2k) = Xy(n + 2k), Xi(n+2k)y=fi- fr Xi(n)
where fi- and f>- are operatorsrepresenting the integration process
insideeachblock. The lastexpressionin Eq. (10) providesarelation-
ship between the error introduced at time step n and n + 2k. It will
be shown in the following section that spatial oscillations produce
a negative feedback that can be approximated with the following
relationship:

fi- form -1 (1D

Based on this approximation, one can describe the oscillations in
time at a boundary point by the following relationship:

X1 (n+2k) = —X,(n) 12)
Taking a Z transform of the preceding relation leads to

X (2) =X (), (1+2%)X(2) =0, F=—1 (13
The solution of the preceding equation provides 2k6 = 2mmx +
a,m=0,1,2,3, ..., where z = re’?. The fundamental solutionis
2k6 = mr, correspondingto m = 0. Hence the fundamental frequency

of oscillations corresponds to a period of 7 = 4kAt.
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Origin of the Negative Feedback
As suggested in Eq. (11), the net effect of the two operators f-

and f>- leads to a system with negative feedback. To understand
this behavior, one has to study the difference representation of the
employed three-stage, explicit Runge-Kutta scheme. For a wave
traveling downstream with a wave speed of u + a, one can write a
difference equation as follows:

do Qi-1— Qi+

5 (u+a) > Ax (14)
where (u + a) is a constant. The explicit Runge-Kutta difference
representation yields

1
Q7+ =as0] ;- a0} ,— a0 |

+(1+232)Q7+34Q7+1+112Q7+2+115Q7+3 (15)
where
a, = —0.15¢2, a, = 0.135¢* — 0.5¢
A (16)
t
as = 0.045¢3, c= M
Ax

The difference equation (15) is then modified near the boundaries
and cast in matrix form as follows:

(agr={o/*' - o7}, i=23...
{AQ} =[B1{Q!} +{BY Q. + {B) Q&

where {A Q} denotes the vector of unknowns, N is the total number
of grid points, and Q; and QO are the left and right boundary con-
ditions, respectively. The vectors { B}’ and {B}” have the following
structure:

LN —1
a7

ap
—a,
BY =1 4 {B) = {4 (18)
—a,
—a,

In the preceding,a; = 0.5¢ — 0.045¢%; furthermore, a new variable
is defined as a3 = 0.09¢* — 0.5¢. One can also express the matrix
[B] in the following form:

a, 4z —da; —das

—az 2a, a, —a, —as

—a, —ay 2a, a, —a, —das

as —a, —ay 2a, a, —a, —as

as —a, —ay 2a, a, —a, —ds

[B]= ) 19

as —dy; —day 2(12 as —dap; —dads
as —dy; —day 2(12 a, —ap

as —dy; —ay 2(12 as

as —dp; —dsz ap

An eigenvalue-eigenvector decomposition of the matrix [ B] shows
that the scheme is stable because the real part of all of the eigenval-
ues is negative except for one that is equal to zero. The zero eigen-
value corresponds to the highest-frequency spatial oscillation with
a wavelength of A = 2Ax, and hence there is no damping for these
high-frequency spatial waves. This behavior was also observed for
Euler equations from the linearized stability analysis described in
Fig. 2. The introductionof an error QO on the left boundary excites
the low-frequency waves, which are convected with little damping
for positive c. Thus, one can state that f;- & 1. On the other hand,
the introduction of an error Qy at the right boundary excites the
2Ax wave, again with no damping. This results in f- &~ —1.

The behaviordescribed earlier can be illustrated by a simple one-
dimensionalexample,as shownin Fig. 8. An error of unit magnitude
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Fig.8 Convection of a pulse by the Runge-Kutta scheme.

was applied at both boundaries of a block, and ¢ = 0.9 was chosen
to advance for n = 30 time steps. It can be seen from Eq. (18) for
¢ = 0.9 that all three nonzero entries in { B}’ are positive, whereas
the signs of the three nonzero entries in {B}” alternate. Therefore,
a disturbance applied on the left boundary gets convected down-
stream with little damping, as expected. On the other hand, the one
applied on the rightboundary producesa high-frequencyoscillation
of wavelength 2Ax, which travels upstream, again without being
damped by the difference scheme.

In the preceding model equation, no artificial viscosity was intro-
duced.In the solutionof Euler equations, when an erroris introduced
on the boundary of a subsonic block, after waiting a reasonable
number of time steps one can expect that it will appear at one grid
point downstream of the boundary with approximately the same
magnitude. On the other hand, the same error will appear at one
point upstream of the boundary with a negative sign. This behav-
ior is distinctly observed for subsonic flows in the solution of the
Euler equations. For supersonic flows, waves traveling upstream
are damped by adding numerical viscosity; thus, the feedback and
resulting oscillations are negligible.

At this point, one can also comment on the differences observed
in the frequency response of the density variation for k = 10 and 20
shown Fig. 5. If the communication is delayed too long, there is a
coupling between the waves originating from different boundaries
as well as waves reflecting back. Thus, for k = 20, one observes a
more complicated frequency response.

Filtering of the Oscillatory Signals

From the discussion of the preceding sections, it can be deduced
that the freezing of the boundary conditions introduces a high-
frequency error into the solution with a distinct period of 4kAt.
Because the frequency of the noise is known, one can design a low-
pass filter to eliminate the high-frequency noise and to allow the
solution to pass through. To design a simple filter, a moving average
was employed® As described in Fig. 7, the computed solutions at
points 2 and 4 are filtered as follows:

an 1j=3 n—jx n 1j=3 n—jx
05=7> 07" oj=73 0 o
j=0 j=0

where k is the communication interval. The right-hand side of
Eq. (20) involves the raw data calculated at every k time step at
points 2 and 4. Intermediate time steps are not utilized in filter-
ing. The left-hand side defines the filtered value of the boundary
condition, which is communicated to the neighboring block. This
operation corresponds to applying an finite impulse response (FIR)
filter, where its Z transform can be expressed as follows:

—1 2—2 3—3 4—4 3—5 2—6 -7
b=z+z+z+i6+z+z+z @1

which is always stable.
In Fig. 9, the normalized gain of the filter is plotted against the
nondimensionalizedfrequency w*. As can be seen, the selected filter
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provides zero gain for a nondimensionalized frequency of unity or
T = 4kAt.

Results
Steady Flow

For the steady-flow test case described previously,a base case so-
lution is obtained initially by communicatingevery time step. Then,
first, the communication is frozen for 10 steps, and the resulting
solutionis filtered at every communication step before being sent to
the neighboring interface. Local time stepping is used inside each
block for both the base case and the case with the filter. Figure 10
shows the density variation at the midpoint of the subsonic inter-
face in block 9 in Fig. 3. As can be seen, the same steady-state
solution is reached after 5000 time steps for both cases. There are
some differences in the transientbehavior of the solution. Figure 11
shows the frequency spectrumof the same density for both solutions.
One can observe that the solutions are accurate within a certain fre-
quency range. Second, communication is frozen for 20 steps, and
the solutionis again filtered before communication.Figure 10 shows
the resulting density variation for the same subsonic interface, and
Fig. 12 shows the frequency distribution.

This steady-flow case is solved on a varying number of proces-
sors to compare the savings in elapsed time due to the reduced
communication. Two systems were used to solve the cases: 1) an
IBM SP2 tower with 32 processors using a fast communicationnet-
work (HPN) located at Poughkeepsie, New York, and 2) an IBM
SP1 tower with 16 processors using an Ethernet-based communica-
tion network located at NASA Lewis Research Center. The timings
obtained are presented in the form of speedup, which is defined as
follows:

Elapsedtime with 1 processor(k = 1)

Speedup = (22)

Elapsed time with m processors

Figure 13 shows the speedup for the steady case for k = 10 with
filtering and the base case on both types of networks. Speedup is
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Fig.11 Frequency response of solutions with filtering (k = 10) and base
case (steady).
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Fig. 13 Speedup for solutions with filtering (k =10) and base case
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improved considerably because the communication cost is reduced
by 90-95%. The speedup improvement is significant, mainly due
to the relative importance of the communication cost for the base
case. It is also observedthat, for a slow network like Ethernet, com-
munication dominates the total elapsed time for the computation of
the problem, and hence dramatic improvements are obtained in the
speedup when communication is reduced by 90%.

Unsteady Flow

An unsteady-flow test case is chosen as described previously. A
base case was run by communicating every time step to obtain an
accurate solution. Between 400-1800 time steps were employed
to integrate over one period of the oscillation for different blocks.
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Figure 14 illustrates the variation of density at the midpoint of the
subsonic interface of block 9 in Fig. 3 for k = 10 and 20 without
filtering. For k = 10, the unsteady responseis quite accurate. In this
case, it was observed that one can freeze the boundaries for k =
10 and obtain reasonably accurate solutions even without filtering,
as shown in Fig. 14. This may be because the time steps for the
unsteady-flow test case are much smaller than those for the steady-
flow case. Also in Fig. 14, it can be seen that communicating every
20 time steps introduces an error that eventually causes the solution
to diverge. For this case, filtering can be used to eliminate the error
and recover the wave of frequency 100 Hz. Figure 15 illustrates the
variation of density at the same location in block 9 for two filtered
cases with £ = 10 and 20 in comparison with the base case. As can
be seen, the filtering introduces a slight lag for kK = 20. The design
of another filter may eliminate the lag observed in the k = 20 case.
Also, for the same case, inaccuracies that are associated with the
startup transients are observed.

The frequency spectrum of the solution for the base case and for
two filtered cases with k = 10 and 20 are shown in Figs. 16 and
17. There is very little difference between the frequency contents of
these three solutions. Figure 18 shows the speedup for the compu-
tation of the unsteady-flow case on a varying number of processors
for both types of networks. Again it can be seen that reduction of
the communication by 95% contributes to a significant improve-
ment in the speedup. However, the improvement in speedup is not
as high as compared with the steady-flow case. This is because of
the differencein the time-stepping schemes between the two cases.
In the steady-flow case, local time stepping is used, which means
for k = 10, communication takes place every 10 computation steps
for all interfaces. In the unsteady-flow case, each block picks a cer-
tain time step, which can be different from other blocks. Hence, for
k = 20, the number of computation steps before communication
occurs can vary from 4 to 20 for various blocks. This can cause
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Fig. 16 Frequency response of solutions for base case (unsteady) and
k = 10 with filtering.
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Fig. 18 Comparison of speedup with filtering (k = 20) and base case
(unsteady).

communication bottlenecks, which could account for the lower ef-
ficiency improvements when compared with the steady-flow case.

At this point, there is also a question as to how much fartherk can
be increased. It was found thatfor k = 30 the error introducedshifts
to the lower end of the frequency spectrum where the majority of the
accurate solution is contained for both steady and unsteady cases.
Because of this interaction, it is very hard to filter the error without
affecting the solution itself. One can determine an upper limit on &
by analyzing the solution when using a particular k and verifying
whether oscillations with a wavelength of 4k At are filtered. If not,
k can be reduced until the filter proves to be effective.
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Conclusions

In this paper, a filtering procedure is presented to improve the ef-
ficiency of parallel computationof Euler equations using an explicit
scheme. [tis demonstratedthat, in terms of obtainingan accurate so-
lution, the time step chosen by the stability condition for each block
may be too restrictive. One can reduce the communication between
the blocks by 90-95% and still obtain an accurate solution. The fil-
tering procedure coupled with the variable time-stepping schemes
enables efficient utilization of the parallel algorithm for both steady
and unsteady flows. It is illustrated that one can communicate with
neighboring blocks only when necessary and improve efficiency.
Heterogeneity of the flowfield and the computer systemsis exploited
for this purpose. Study of the interface conditions in the frequency
domain provides insight into the problem. Similar filters can be
developed for schemes other than Runge-Kutta schemes.
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